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ABSTRACT 


We  consider  semilinear  hyperbolic  systems  in  one  space  variable  of  the 


3ui  3^ 

TT  +  C.  - -  +  J  4 .  u.u,  =0, 

3t  i  3x  13k  3  x  ' 

3  /  x 


x  e  R,  t  e  R,  i  =  1 , . . .  ,p 


|  u^  ( x ,  0 )  =  ^(x),  x  e  R,  i  =  1,...,p  . 

We  first  introduce  a  special  condition 

(S)  4ijk  =0  if  Cj  =  Ck  . 

Under  condition  (S)  we  prove:  local  existence  and  uniqueness  if  the  data 
are  in  L^R);  global  existence,  L°°  stability  and  the  existence  of  wave 
operators  and  of  a  scattering  operator  when  the  data  have  small  norm  in  L^  (R) . 

Adding  a  sign  condition 

(s)  A.  ..  <  0  if  i  *  j  and  i  *  k 

and  the  entropy  condition 

(E)  y  ..X.X  Log  \  >  0  for  all  \  e  Rp  such  that  \  >  0  for  each 

i,j,k  ijk  3  1 

i  we  obtain  global  existence  if  the  data  are  nonnegative  and  in  L  (R). 

We  then  replace  condition  (S)  by  a  weaker  one  and  obtain  some  of  the 
above  results  in  that  case. 
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SIGNIFICANCE  AND  EXPLANATION 

We  study  semi linear  hyperbolic  systems  with  quadratic  nonlinearities 
which  originate  in  the  kinetic  theory  of  gas  as  a  simplification  of 
Boltzmann's  equation. 

Local  existence  is  well  known  for  these  equations  and  the  main  problem  is 
to  prove  global  existence  for  nonnegative  bounded  data. 

Except  for  the  unrealistic  case  where  a  hounded  invariant  region  exists, 
no  result  of  this  type  is  known  in  three  space  dimensions.  As  in  all 
preceding  results,  based  on  the  work  of  Mimura-Nishida  and  Crandal 1-Tartar ,  we 
restrict  ourselves  to  one  space  dimension.  We  show  global  existence  for  a 
quite  general  class  of  systems  and  under  some  special  condition  (S)  we  obtain 
information  on  the  asymptotic  behaviour  and  on  scattering  when  the  data  have 
small  L1,  norm. 

u 

The  new  idea  lies  in  the  introduction  of  some  functional  spaces  where 


some  products  can  be  defined;  this  enables  us  to  define  an  appropriate  notion 


of  solution  in  L1  and  then  use  it  to  obtain  local  and  global  existence  for 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


SOME  EXISTENCE  THEOREMS  FOR  SEMILINEAR  HYPERBOLIC  SYSTEMS  IN  CNE  SPACE  VARIABLE 


Luc  C.  Tartar 


0.  Introduction 

The  motivation  for  considering  the  systems  studied  here  comes  from  kinetic  theory  of 
gases  where,  by  allowing  only  a  discrete  set  of  velocities  in  the  Boltzmann  equation,  one 
obtains  a  semilinear  system  where  the  quadratic  nonlinearity  corresponds  to  interaction 
between  particles  through  collisions. 

Although  the  nonlinearities  considered  here  correspond  to  realistic  models  we  are  not 

able  to  solve  the  real  three-dimensional  problem  and  we  restrict  the  analysis  to  one 

dimensional  situations  (except  for  the  unrealistic  cases  where  there  is  a  bounded  invariant 

00 

set  one  is  still  waiting  for  a  global  existence  theorem  in  L  in  more  than  one  space 
dimension) . 

Following  an  argument  due  to  M.  G.  Crandall  and  the  author  the  global  existence  in 

00 

L  follows  (by  using  finite  propagation  speed,  nonnegativeness  of  solutions  and  entropy) 

from  an  estimate,  similar  to  one  obtained  by  Mimura-Nishida,  in  which  one  proves  a  global 

L  bound  for  data  in  L  with  small  L1  norm. 

To  prove  the  desired  estimates  we  introduce  some  functional  space  modeled  on  L1  and 

the  crucial  remark  is  that  one  can  still  define  some  products  and  give  a  meaning  to 

solutions  corresponding  to  L1  initial  data. 

This  analysis  is  first  carried  on  for  special  quadratic  terms  and  then  to  a  more 

general  case.  Apart  from  simplifying  the  analysis,  the  special  case  arise  naturally  as  the 

only  one  (excluding  the  linear  case)  for  which  the  semi-group  defining  the  solution  is 

00 

(sequentially)  continuous  for  the  weak-star  topology  in  L  . 

Some  results  concerning  asymptotic  behaviour  and  scattering  are  also  proved. 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041 . 


1 .  Statement  of  the  problem 

We  will  consider  the  following  system 


(1.1) 


3  it  3  u^ 

3t^  +  Ci  3x”  +  ^ijkujuk  =  °*  x  E  R'  teI'  i_1 . * 

J .  k 


ui(x,0)  =  4Ax),  x  f  R,  i  =  1, 


where  the  are  real  constants  (not  necessarily  distinct),  the  4^^  are  real  constants 

(satisfying  /L  ^  for  every  i,  j,  k)  and  the  time  interval  I  contains  0. 

The  original  problem  from  kinetic  theory  of  gases  is 


(1.2) 


3u. 

3 r  +  grad  ui  *  vi +  I  ^ij^A  "  x  E  R  -  1  •  x'  1  -  1 . . 

J  j  K 

ui(x/0)  =  ^(x),  xe  R3,  i  *  1,...,p  , 


where  ui(x/t)  is  the  density  of  particles  having  velocity  v^  (the  vA  are  here 
distinct  vectors  in  R3)  and  the  quadratic  term  corresponds  to  interaction  through 
collisions  (some  information  given  by  physics  on  the  coefficients  4^^  is  useful  for  the 
mathematical  treatment  of  the  equation). 

In  the  case  where  the  initial  data  only  depends  upon  x*n  (where  n  is  some  unit 

vector)  the  solution  will  be  a  function  of  x*n  and  t  and  will  satisfy  (1.1)  with 

C  .  =  v . «n. 
i  1 

We  now  state  briefly  some  classical  results  concerning  (1.1)  and  (1.2): 

oo 

a)  If  the  data  ^  are  in  L  then  there  is  a  local  solution  in  time. 

b)  The  system  exhibits  a  finite  propagation  speed:  u(x,t)  only  depends  upon  •f (x  -  tw) 
with  w  e  (min  C^.max  C^J  for  (1.1)  and  w  f  convex  hull ( v1 , . . . , v  )  for  (1.2). 

c)  The  solution  u^(x,t)  is  nonnegative  for  all  x,  i  and  t  >  0  if  each  ^  is 

n'  nnegative  and  if  the  coefficients  satisfy 
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I 


(1.3)  0  if  1  *  1  and  i  *  k 

ijk 

(particles  of  velocity  v^  can  only  be  created  In  collisions  where  they  do  not  enter), 
d)  Conservation  of  mass  holds  if  the  coefficients  satisfy 

(1.4)  l  4  -  o  for  every  j,k  . 

i  X  jK 


Then  if  the  data 

(1.5) 


are  in 


L  n  l1  the  solution  satisfies 
l  I  ^(x.tjdx  -  0  . 


If  (1.3)  and  (1.4)  hold,  the  L1  bound  on  the  solution  only  depends  on  the  L1  hound 

of  the  data  (we  still  need  <f  ^  >  0  and  ^  e  .  ^  L 1 )  as  long  as  the  solution  stays  in 

00 
L  . 

e)  The  entropy  condition  is  related  to  the  following  conditi'  n 

(1.6)  'l  4  X  X  (Log  X  +  1)  >  0  for  all  X  such  that  X  >  0  for  all  i  . 

i,  j,k  3  * 

00 

Then  if  (1.3)  and  (1.6)  hold  and  if  the  data  i  are  nonnegative  L  with  compact 
support  the  solution  satisfies 

(1.7)  I  /  u. (x.t)Log  u.  (x,t)dx  <  0  for  t  >  0  . 

at  ^  1  1 

From  these  results  one  sees  that  L1  is  a  natural  space  to  use;  unfortunately  as  the 
quadratic  terms  are  not  defined  on  this  space,  we  have  to  impose  a  restriction  on  solutions 
and  we  are  led  to  the  followina  definition. 

Definition  1;  If  ^  «  iJfH)  for  each  i,  a  solution  of  (1.1)  is  an  element 
u  ~  (u^,...,Up)  such  that 

а)  Ujl  is  continuous  on  I  with  values  in  L1  (R)  for  each  i, 

3ui  3ui  1 

B)  ^  e  L  (R  x  I)  for  each  t, 

Y)  ujuk  e  ^(R  »  I)  for  each  j,  k  such  that  *  0  for  some  i, 

б)  u  satisfies  (1.1)  (each  term  having  a  meaning  using  a,  6,  Y).  ■ 
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2.  Statement  of  the  results  under  special  condition  (S) 

We  will  make  an  extensive  use  of  the  following  special  condition: 

(S)  xijk  -  0  if  Cj  -  Ck  . 

00 

The  relation  of  condition  (S)  with  respect  to  continuity  in  the  L  weak-star  topology  is 
considered  in  the  appendix. 

Theorem  1 :  (Global  existence  for  small  L1  data).  Assume  (S)  holds.  Then  there  exists 
Eq  >  0,  k1  >  0,  k^  >  1  such  that: 

a)  If  e  L^ (R)  for  each  i  and  satisfy 

(2.D  I  IV  ,  <  E 

i  l'(R) 

then  there  is  a  unique  solution  of  (1,1)  on  interval  I  »  (-“,+“):  this  solution 
satisfies 

3u  3u 

<2*2)  Jbr +  ci  3Ti  .  <ki  \  'Vi  ,  • 

1  l1 (rxi )  1  L  tR) 

b)  If  e  L1  (R)  with  £  l<>  I  <  E  ,  corresponding  to  solution  u  then 

i  L  <R) 

(2.3)  sup  l  lu  { - , t)  -  u  ( • , t ) I  <  k,  I  ^  " 

teR  i  L  (R)  i  L  (R) 

Theorem  2:  (Local  existence  for  L1  data).  Assume  (S)  holds.  Let  e  L^ (R)  for 
each  i  then  there  exists  tQ  >  0  such  that  (1.1)  has  a  (unique)  solution  on  interval 
I  -  <-t0.t0). 

00  4 

Theorem  3 :  (L  regularity  for  small  L  data).  Assume  (s)  holds.  Then  there  exists 


S1  >  0,  k3  >  1  such  that:  if  «  L°°(R)  n  l'iR)  and  satisfy 


I  "V  ,  <  E  . 

i  l'(r) 


Then  the  solution  is  essentially  bounded  in  R  x  R  and  satisfies 

(2.5)  sup  lu  (*,t)l  m  <  k  maxli?  I  ^  . 

t,i  l"(R)  i  l" 


I 


Theorem  4:  (Global  L°°  existence).  Assume  (S),  (1.3),  and  (1.6)  hold.  Then  there  exists 
a  growth  function  F(t,M)  such  that:  if  the  data  satisfy  0  <  p^(x)  <  M  a.e.  for  each 
i,  then  the  solution  exists  for  t  f  (0,“[  and  satisfies  0  <  u^(x,t)  <  F(t,M)  a.e.  for 
each  i.  ■ 

Theorem  S:  (Asymptotic  behaviour  for  small  L1  data).  Assume  (S )  bolds.  Let 

P,  e  L1  (R)  for  each  i  with  J  I  p  I  <  E  .  Let  v^x.t)  -  u^x  +  C^t.t).  Then  as 

i  L  (*) 

t  goes  to  +<»  or  -<»,  v^  has  strong  limits  in  l'(r).  If  moreover  the  solution  is 

co  oo 

bounded  in  L  (R)  for  t  >  0  then  vi  has  a  strong  limit  in  L  (R)  as  t  goes  to  +«• 
(similarly  a  bound  for  t  <  0  gives  a  strong  limit  as  t  goes  to  -»).  ■ 


If  we  denote  by  S0(t)P  the  solution  corresponding  to  the  linear  case  (all 
A.  =  0)  and  S(t)P  the  solution  of  our  problem  (defined  for  P  with  a  small  L1  norm), 

1  j  K 

then  Theorem  5  says  that  the  wave  operators  W±  =  lim  S  (-t)S(t)  exist  for  p  in  a 

t+±» 

suitable  domain.  Similarly  one  can  look  at  limits  of  S ( t ) ( — t ) . 


Theorem  6:  Assume  (S)  holds.  Let  pf  e  L^  (R)  for  each  i  with  ]  1^,1  .  <  E„-  Let 

i  1  L1 (R) 

vT(x,t)  be  the  solution  of  (1.1)  with  initial  data  \Ji^(x)  =  P^(x  -  TC^);  then  as  T 


T  1 

goes  to  *■»,  v .  ( x,T )  has  strong  limits  in  L'(R).  * 

E 

Let  (2.6)  D  -  {p  :  P  e  (L1  (R)  )^ :  Y  Ip.  I  ,  <  - - - }  • 

m  j  j  l\r)  (i  +  Rt)m 

Theorem  7:  (Scattering).  Assume  (S)  holds.  The  wave  operators  W  =  lim  S  (-t)S(t)  map 

4  t+t» 

D  into  D„  .  for  each  m  >  0;  M.  =  lim  S(*-)S„(-t)  map  Dm  into  D_  ,  for  each 
m  m-  i  +  o  mi 

t>±” 

m  *  0.  If  A  is  any  of  the  four  operators  W^_,  then 


(2.7) 


BAP  -  A\(j II  <  k^ B p  *  i); II ,  e  0^ 

BAP  -  Aip  D  >  Bp  -  ijil,  p,i|>  e  D1  , 


(2.8)  M+W+,  W+M+'  M-w->  W-M-  =  identity  on  D,  . 

One  can  define  the  wave  operator  S  =  W+M_  mapping  Dm  into  Dm_2  ^or  m  *  1  satisfying 

(2.9)  W+  =  SW_  on  D2  , 
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(2.10) 


|  is*  -  Sip  I  <  k*l*  -  tyl.  *,ty  e  D1 

IS*  -  Sty  I  >  -^r  I*  «  tyl,  *(ty  e  D  . 

k2  2 

K2 


S  is  ons  to  one  on  D2  and  its  inverse  S-1  ■  W_M+  maps  Dm  into  Dm_2  tor  o  >  1 
satisfies  (2.10)  and  SS-1  »  S_1S  »  identity  on  Dj.  ■ 


-7- 


Let 


wfy)  -  lg(y)l  +  /  Iffy  +  c  T,-t)|dx 
K  3 

y 


then  we  have  | v(x,t) I  <  w(  x  -  C.c)  and  Iwl  “  I  I  I  v  |  |  |  .  ■ 

3  l’(J)  vj 

Lemma  2:  If  Vj  e  Vj  and  vk  e  Vk  with  then  v^v^  £  l'(D)  and 


,viV  i  <  ic~  ~  c  i 

3  *  L  <D)  ‘‘'j  Ck' 


j  "  'V  .  k"  V. 
3  k 


Proof ;  By  (3.5)  it  ie  enough  to  bound  /  w  (x  -  C.t)w  (x  -  C.  t)dxdt.  By  the  change  of 

D  j  3  k  ^  k 

variable  y  »  x  -  C^t,  z  »  x  -  Cvt  this  integral  ie  -tt - r—r  f  W  (y)w  (z)dydz  which  is 

3  |Cj  -  Ckl  D,  j  k 


lees  than  — —  -r  Iw.l  Iw  I  .  ■ 

1  j  Ck'  3  L  (J)  L  (J) 

Remark  2;  C  *  C  ie  necessary  in  Lemma  2  as  it  is  impossible  to  bound  v2  in  l‘(D) 
j  K 

for  v  e  Vj  (take  v  -  w(x  -  Cjt)  with  w  f  L1 ( J ) ) . 

The  map  v  »  v(*,tg)  is  continuous  from  Vj  onto  L3(D*{t  “  t^})  and  80  one  cannot 
define  the  product  ( * ,fc0 } C • , tQ )  for  every  tQ.  ■ 

Notation:  V  -  {v  «  (v.,...,v  )  such  that  v4  £  V4  for  each  j}  the  norm  on  V  being 
- - -  Ip  3  3 


I  lllv 

J 


4.  Proofs  of  Theorems  1  to  7 


We  first  remark  that  u  is  a  solution  of  (1.1)  in  the  sense  of  Definition  1  if  and 

only  if  each  Uj  belongs  to  Vj  (defined  with  J  ■  R)  and  u  satisfies  equation  (1.1). 

Indeed  if  u  is  a  solution  then  by  6)  each  Uj  is  in  Vj.  Conversely  if  Uj  e  Vj 

for  each  j,  then  by  Lemma  2  the  products  UjUt  belong  to  L3(D)  if  C .  *  C,  »  but,  from 

J  *  j  K 

condition  (S)  the  only  products  UjUk  appearing  in  Equation  (1.1)  satisfy  c.  *  C  and  so 

J  Ik 

each  term  is  in  L^D). 

4. a:  Let  D  be  defined  like  in  (3.1)  and  let  e  L3(J)  for  each  i»  we  want  to  find  a 
solution  of  ( 1 . 1 )  on  D  as  a  consequence  of  the  fixed  point  theorem  for  strict 
contractions. 

Construct  a  mapping  from  L^J)^  *  V  into  V  as  follows: 


For  e  L  (J)  for  each  i  and  u  f  V,  v  «  A(^,u)  is  the  solution  of 
3v.  3v, 


(4.1) 


\  3T  +  C<  4 


3x 


0, 


1,...,p,  ( x , t )  f  D 


v^x.O)  »  ^(x). 


1 , • • . ,p,  x  e  J 


By  condition  (S)  and  Lemma  2  the  sums  £  ^ijkujuk  are  in  1,1  <D>  for  each  i  and  so 

j  ,k 

v  e  V.  u  is  a  solution  of  (1.1)  if  and  only  if  it  is  a  fixed  point  of  the  map 

u  A(^,u).  We  will  show  that,  if  £  Isc  i  is  small  enough,  this  map  is  a  strict 

i  L  (J) 

contraction  on  some  closed  set  of  V. 

Let  E.  =  If.  I  .  and  E  =  T  €.. 

3  ’l'iji  j  3 


Let 


ai  =  I?? 


3u .  3u 

♦  C  - — ^ 

j  ox 


,  3v . 


3v  . 


and  Lemma  2  we  have 


L(D) 


and  6  .  -  I r— +  C  . 

j  H3t  j  Bx 


L1  (D) 


Using  equation  (4*1) 


(4.2) 


6  <  V’  IV'  ■  (e  +  B 

1  jtk  ICJ  '  Ck>  3  3 


,(Ek  +  V 


(where  £’  design  sums  without  the  undefined  terms  —  corresponding  to  C.  =  Cv).  Define 

0  J  * 


By  sunning  (4.2)  in 
of  V: 


i 


Consider  the  following  closed  set 


(4.4) 


p  “  (v  e  V  :  v^  (x,0)  -  ^(x),  i  -  1,...,p,  x  «  J, 


.3v 


3v, 


?  hr  ♦  ci  srl  . 


L^D) 


the  preceding  inequality  implies  that  A  maps  y  into  B^s  if  s  >  +  r)  .  Now 

we  bound_the  Lips£hitz  constant  of  A  on  B  *  Let  u  *  B  and  v  •  A(l,u)  and 


i!2i  *  _  !^ii 

j  “  I  at  ci  3x  I  1 


*.r 


f,r 


Then 


L  (D) 


'ti  (vi  -  V +  ci  I;  (vi  -  V*  i  B1  4  l  icT^cj  +  Vl,lu*  -  V" 

li  j  ,K  J  K 


\A 


ml 


(4.5) 


+  ll|uj  -  “j1  1  lVj(ek  +  V1 


and  so  J  1 1 |v  -  v  1 1  I  <  2y(E  +  r)  J  | | |u  -  u  I  I  I  ,  Thus 
i  1  1  i  j  3  3  VJ 


(4.6) 


A  maps  B^r  into  B  with  s  »  Y(E  +  r)  with 
Lipschitz  constant  2y(E  +  r)  . 

Define  Eg  by 

(4.7)  4YE0  <  1  . 

So  we  have  shown,  by  taking  r  ■  E,  that 

(4.8)  If  J  E  ■  E  <  E  then  A  is  a  strict  contraction  on  B 


j 


j 


f.  E 


So  we  have  proved  the  existence  part  in  Theorem  1  (taking  J  »  R)  and  inequality  (2.2) 
with  k1  ■  1. 

Let  v  e  L^ (J)  for  each  j  with  J  M  I  <  E  ,  £  Ml  <  E  .  Let 

_  3  _  i  _  3  L  (J)  j  3  L  (J)  ° 

u  <  B.  ,  ,  ue  Br  ,  v  -  A(q,u)  and  v  -  A(q,u).  Inequality  (4.5)  is  still  true  if  we 
#  0 
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replace  by  and  it  gives,  after  summing  in  i: 

I  I  |v  -  v|  |  |  <  l  If  -  7  I  +  4yE  |  |  |u  -  u |  |  | 

i  L  <J> 


If  u  and  u  are  the  solutions  corresponding  to  l  and  P  we  obtain 

<YEn  _ 


,l|u  -  u|llv  <  r^rr 


l  i*4  -*xi  , 


which  proves  inequality  (2,3)  with  k  «  - - - - -  ,  Uniqueness  is  so  far  only  proved  for 

2  l  -  4YEq 

solutions  lying  in  B  .  „  • 

w,b0 

4,b:  Let  u,  u  be  two  solutions  on  R  x  i  corresponding  to  the  same  data  (  L'fJjP. 

We  want  to  show  that  u  and  u  coincide  on  [-tg,tg)  for  some  tg  >  0  (this  will  prove 

uniqueness  because  the  set  of  t  such  that  u(*,t)  «  u(*,t)  will  then  be  opened  and 

closed) .  . 

3ui  3u^  3u^  3u^  ^ 

As  -r~~  +  C.  r —  and  r— —  +  C.  t —  are  in  L  (R  x  Ij  for  each  i,  one  can  find 

3t  i  3x  3t  i  3x 

£  >  0  such  that,  if  D  C  r  x  i  has  a  measure  less  than  £,  then 


,3u  3u  3u  3u  . 

I  lit"  +  Ci  3x~l  i  <  Eo  and  l  lir +  ci  3irl  1  4 


Similarly  there  exists  £'  such  that,  if  JC  r  has  a  measure  less  than  £',  then 


I  'V  1 


i  L  ( J) 


Then  for  r  >  0  small  enough  take  J  ”  (Xg,x0  +  r] ,  D  as  in  (3. If;  then  u,  u  e  B 

*,E0 

and  thus  they  coincide  on  D  by  step  1.  By  moving  xQ  on  R  u  and  u  coincide  in  a 
strip  R  x  (-tg,t0). 

So  the  uniqueness  part  is  proved  for  Theorems  1  and  2. 

4,  c;  If  'Pj,  e  (R)  for  each  J,  then  one  can  find  a  finite  number  of  intervals  J  , 
j  a 

a  ■  1 ,  • • •  ,q  such  that  U  *  R  and 

a 

I  'V  ,  <  E  . 

j  3  L  <V 
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Let  D  be  as  in  (3.1)  with  J  replaced  by  J  i  let  u  be  the  corresponding  solution 
a  a  a 

in  D  .  If  J  n  *  0  then  on  D  n  D.  we  have  two  solutions  u  and  u„  which 
a  a  8  a  B  a  8 

correspond  to  the  same  small  data  and  thus  they  coincide.  As  ( _ j  D  contains  a  strip 

a 

R  x  [-t. ,  t_ ]  we  can  glue  the  u  together  to  obtain  a  solution  in  the  strip  and  thus 
0  0  a 

Theorem  2  is  proved. 

1  03 

4d:  Let  J  C  r  and  D  as  in  (3.1).  Let  <p  e  l  (J)  n  L  (J)  for  each  i  and  define 

M(t)  «  ess  sup{ |u  (x,s) | ;  j  =  1,...,p,  (x,s)  e  D,  |s|  <  t}  so  M(0)  “  max I ^  I  i  we 

3  i  L  (J) 

want  to  bound  M(t)  in  terms  of  M(0).  We  knew  that  u^(x,t)  -  •f  ^(.x  -  C^t) 
t 

-  J  f  A  u  u.  (x  -  C  s,t  -  s)ds.  For  C.  *  C  we  want  to  bound  the  integral 
j ,k  0  ijk  j  k  i  1  k 

t 

(4.10)  m  -  1/  lu^u^ix  -  C^s.t  -  s)  Ids  |  . 


bound 


We  can  assume  that  C  *  C  (as  C.  and  cv  cannot  be  both  equal  to  C. ) (  we 
j  i  J  k 

^  1 
|uk(x  -  s . t  -  s)  |  by  M(t)  and  1/  |u^(x  -  C^s.t  -  s)  |ds|  by  — — — j  I  I |u^  I  I  |y 


so 

(4.11) 


m  < 


lci  -  Cjl 


[f|uj((| 


and  thus 

I U  ( X . t ) |  <  W  I  +  CM(t)  l  II|U  III 

L*(J)  j  3  j 

and  so  M(t)  <  M(0)  +  xM(  t)  I  I  |ul  I  I  .  But  we  know  that  if  £  Ifl  .  <  E  <  E  we  have 

j1  3  L  (J) 

lllullL  <  2E,  and  so  if  2xE  <  we  obtain  M(t)  <  - - r~  ~  M(0) .  This  estimate  is 

VI  11  1  “ 

valid  as  long  as  the  solution  is  bounded,  but  the  bound  obtained  being  independent  of  t 

00 

we  have  global  existence  in  L  and  Theorem  3  is  proved. 

4.e;  To  prove  global  existence  in  Theorem  4  we  will  use  the  entropy  and  this  requires 
nonnegativeness  of  the  solution. 

00 

Let  satisfy  the  sign  condition  (1.3).  Let  <fi  ^  e  L  (R)  for  each  i:  If 

>  0  for  each  i,  then  the  solution  satisfies  u^(x,t)  >  0  for  t  >  0,  x  e  R  and 


1  «  1,...,p.  (One  can  show  this  by  using  a  different  fixed  point  argument  and  consider 


1 


’ 


v  =  B(£,u)  defined  by 


<4.12) 


^Vi  “*Vi 

ar  +  ci  +  2  4iikvi\  +  jJi 

k*i 


v  (x,0)  «  v^tx),  i  «  1,...,p,  x  e  R,  t  >  0 


then  B(^,u)  >0  if  ^  >  0,  u  >  0  and  the  solution  is  nonnegative).  Under  condition 

(1.6)  the  entropy  J  /  u^fx^tJLog  u^X/tldx  is  a  nonincreasing  function  of  t  if  the  data 

i 

have  compact  support. 

Let  T  >  0;  we  want  a  bound  of  u^fXg.T)  depending  only  upon  T  and  maxli.l 

i  L~(B) 

Let  J  »  [xQ  -  t  max  ,  xQ  -  t  min  and  define  ^  by 

i  i 


(4.13) 


*i(x)  - 


^(x)  if  x  e  J 
0  if  x  /  J 


The  solution  v  with  initial  data  i|i  will  coincide  with  u  at  (x0,T)»  on  the  other 
hand  the  solution  has  compact  support  for  each  time  t  with 


(4. 14) 


meastx  :  v(x,t)  *  0)  4  kT  for  0  4  t  4  T 
V  being  the  solution  corresponding  to 


Using  the  entropy  we  have  £  J  v  (x,t)Log  v  (x,t)dx  4  £  /  <fi  (x)Log  v>.(x)dx.  Using 
1  i  1  1  i  1  1 

X  Log+X  -  -  <  X  Log  X  4  X  Log+X  for  X  >  0  we  obtain 


(4.15) 


l  j  v^  ( x, t )Log+v^  (x,t ) dt  4  k(MQLog+M0  +  T) 
i  R 


(k  designs  various  constants  and  =  maxl^  I  ).  From  (4.15)  one  deduces  that  there 

0  i  1  L" 

exists  r  depending  only  upon  and  T  such  that 


(4.16) 


I  /  Iv  (y,t)|dy  4  E^,  uniformly  x  e  R,  t  e  [0,T] . 
i  x 
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air-,  -  _  ..iJLii,. 


Indeed  if  w  >  0  and  /  w(  y)Log+w(  y)  dy  <  A  we  can  decompose  /  w(y)dy  into  1^  +  I2 


where  I1  is  the  integral  over  the  set  of  y  such  that  w(y)  >  R  >  1  and  I2  over  the 


and 


Ij  by  R r;  then 


set  of  y  such  that  w(y)  <  Rj  we  bound  1^  by  £— — 

X  ®i  +  “‘I 

chooses  R  large  enough  so  that  — — —  <  —  and  then  r  small  enough  so  that  rR  <  — . 

9+  P  x+r  E.  p 


This  shows  that  there  exists  r  depending  only  upon  A  such  that  /  w(y)dy  <  — 

x  P 


uniformly  in  x  e  R.  Apply  this  to  ui(*,t)  with  A  ■  MMgLog+Mg  +  T). 

He  use  (4.16)  and  step  4  on  domains  D'  constructed  on  interval  basis 
J'  »  {y  e  [x‘ ,x'  +  r) }  at  time  t'  e  [0,T] ,  then  on  D1  we  have 


max  |u  (x,t) I  <  k  max  |u.(x,t‘ )|.  By  moving  x1  e  R  we  obtain 
i,(x,t)eD'  1  3  i ,  xe  J ' 


(4.17) 


M( t)  <  k  M( t' )  for  t*  <  t  <  t1  + 


max  C  -  min  C . 
i  1  1 


By  applying  (4.17)  finitely  many  times  one  obtains  a  bound  for  M(T)  (which  could  be  given 
more  explicitly  as  a  function  of  Mg  and  T)  and  this  proves  Theorem  4. 


4f> 

The  f: 

3v, 

3u 

i 

i 

3t 

*  at 

L1  (R) 

as 

3u . 


will  bound  v^x.T  +  t)  -  v^x.T)  by  a  quantity  which  tends  to  0  as  T  goes  to  +“ 
uniformly  for  t  >  0.  For  this  we  start  from  the  fact  that 


u^y.T  +  t)  -  uA(y  -  Cjt.T) 


l  I  4ijkujuk<y 


C(  s,T  +  t  -  s)  ds 


j»k  0 


and  we  choose  y  -  x  +  C^(T  +  t) ,  so  the  left  hand  side  is  v^(x,T  +  t)  -  v^(x,T).  As  in 
t  t 

step  4  we  bound  /  u.u.  (y  -  C  s,T  +  t  -  s)ds  by  M| /  |u  (y  -  C  s,T  +  t  -  s)|de|  and  we 
0  3  k  l  0  3 

assume  *  Cy  We  know  that  |u^(z,T)|  <  w^  ( z  -  C^t)  with  w^  c  l’iR)  and  thus  the 

integral  is  less  than  M  /  w,(y  -  Cis  -  C^T  -  C^t  +  C^slds  which  with  the  choice  of  y 
T+t  0  - 

is  M  /  w  (x  +  (Ci  -  C^)T)dT  which  is  less  than  M  /  w^(x  +  (C^  -  C^)T))dT  which  goes 


to  0  as  T  goes  to  +■• 
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I 


4.g:  First  we  remark  that,  if  the  data  f  have  disjoint  support,  then  Sg(s)^  «  S(e)f 
for  small  8.  More  precisely  let  5^  be  the  distance  between  support  and 

support  then  at  time  t  the  distance  between  support  (ui(*,t))  and  support 

(u^(*,t>)  is  more  them  max(0,  4^  -  ItllC^  -  I ) .  So  if  there  exists  T  >  0  such  that 
6^  >  Ic^  -  Cj|T  for  all  i,j  then  for  |t|  <  T  we  have  u^u^  ■  0  if  and,  by 

using  condition  (S),  u  coincides  with  the  solution  of  the  linear  equation. 

Assume  now  that  f  has  compact  support  and  let  i|i  ■  Sg(-T)^  (we  choose  T  >  0 )  j 
then  distance  (support  1(1^,  support  >  Ic^  -  C..  I  (T  -  x)  for  each  i,j  where  x 

depends  upon  the  length  of  the  support  and  the  Cjj1  s.  For  T  >  x  we  have 
S(T  -  x )  «  Sq(T  -  X)1(|  and  so  S(T)SQ(-T)tf  -  S(x)S(T  -  x)i(i  «  S(x)SQ(T  -  X  )  =  S(x)SQ(-x)*> 

which  is  the  desired  limit  as  T  goes  to  +».  Similarly  when  T  goes  to 

In  the  general  case  choose  f  with  compact  support  such  that  \  I •f .  -  f  I  <  £ 

_  j  3  3  L 

(with  £  If .1  <  E  and  £  If  I  <  E  ),  then  by  using  Theorem  1  (SQ(t)  being  an 

j  L  j  L  _ 

isometry  in  L1)  we  have  IS(T)SQ(-T)*>  -  S(T)SQ  ( — T ) I  1  <  k2E  and  so  S(T)S{-T)^  has 

Li 

strong  limits  as  T  goes  to  +«°  or  This  proves  Theorem  6. 

4hi  S(T)  maps  Dm  into  Dm_1  for  m  >  0  by  inequality  (2.2)  and  has  Lipschitz 
constant  k2  on  D1 ;  as  Sg(s)  is  an  isometry  one  obtains  immediately  the  fact  that 

w±,  map  Dm  into  Dm_.,  for  m  >  0  and  satisfy  (2.7).  Property  (2.8)  follows  then 

easily:  for  example  let  «  e  D,  and  show  that  M+W+^  »  f.  For  e  >  0  one  can  find 
sQ(e)  going  to  +"  as  e  goes  to  0  such  that  IM+(W+^)  -  S(-s)SQ (s)w+^l  <  e  for 
8  >  sQ(e)  and  tg ( C )  going  to  +“  as  e  goes  to  0  such  that 
IW+^  -  Sg(-t)S(t)^l  <  e  for  t  >  tg ( E ) ?  this  implies  that 

IM+W+*  -  S(-s)Sg(s)Sg(-t)S(t)¥’«  <  (1  +  k2)c  for  s  >  s0(e>,  t  *  t0(E> 
one  then  chooses  s  ”  t  >  max( Sg (E) ,tg (£ ) )  and  let  £  go  to  0.  The  properties  of  S 
are  then  obvious:  SW_  «  (W+M_)W_  -  W+(M_W_)  »  W+  on  adequate  domain,  i.e.  Dj,  to  have 


all  operators  defined 


5.  Results  without  condition(s) 


When  condition  (S)  is  not  true  we  will  use  the  sign  condition 

(1.3) 

and  replace  condition  (s)  by  one  or  two  of  the  following  conditions 


A  .  ,  <  0  if  i  *  j  and  i  *  k 
i.],k  J 


(5.1) 


(5.2) 


there  exists  nonnegative  numbers  X^  i  =  such  that 


bjk  =  £  ^i^ijk  satisfies  bjj<  >  I  M 

If  C4  -  Cj  -  Ck  then  Aiik  >  0  . 


ijk' 


when  Cj  "  • 


Remark  that  condition  (S)  implies  (5.1)  (with  X^^  *  0  for  each  i)  and  (5.2 

the  results  of  Theorems  1  to  7  then  hold  with  some  modifications. 

Theorem  1*:  Assume  (5.1)  and  (1.3)  hold.  Then  there  exists  E1  >  0.  k'  >  0 
-  0  1 

if  «  l“(R)  (1  L1  (R)  with 


W  >  0  for  each  i 


(5.3) 


l  'V  1, 


i  *  L  (R) 

Then  on  each  interval  [0,T]  where  the  solution  exists  one  has 


(5.4) 


ui  >  0  for  each  i,  a.e.  x  e  R,  t  e  [0,T]  , 


(5.5) 


,3u.  3u, . 


<  *;  i  i.,i  , 

L,(Rx(0,1)  )  1  L  (*} 


Theorem  3 ' :  Assume  (5.1),  (5.2)  and  (1.3)  hold.  Then  there  exists  >  0,  1 
that:  if  W  f  b“(R)  n  (R)  with 


l  «V  .1, 


«  E' 


1 


(5.6) 

I  .  . 

i  L  (*) 

then  the  solution  exists  for  t  e  [0,«[  and  satisfies 


^  >  0  for  each  i 


(5.7) 


sup  lu  ( - , t ) I  m  <  k'  maxi ^  I 
t>0,i  L  (R)  3  i  3 


) .  Some  of 


such  that: 


>  1  such 
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Theorem  4 1 ;  Assume  (5.1),  (5.2),  (1.3)  and  (1.6)  hold.  Then  there  exists  a  growth 
function  F(t,M)  such  that:  if  the  data  satisfy  0  <  ^  (x)  <  M  a.e.  for  each  i,  then 
the  solution  exists  for  t  e  [0,<»[  and  satisfies 


0  <  u^tx.t)  <  F(t,H)  a.e.  for  each  1  .  ■ 

1  « 

Theorem  5 * :  Assume  (5.1)  and  (1.3)  hold.  Let  >P  f  L  (R)  <"i  L  (R)  for  each  i  satisfying 

#  >  0  for  each  i 


(5.8) 


I  'V  1 


<  El 


L  (R) 


Assume  that  the  solution  exists  on  [0,+°»!.  Let  v^x.t)  -  u^(x  +  Cjt,t);  then  as  t 

1  00 

goes  to  -h»  v^  has  a  strong  limit  in  L  (R).  If  the  solution  stays  bounded  in  L  (R) 
and  if 

(5.9)  Ci  "  cj  “  ck  implies  «  0 

00 

then  v^  has  a  strong  limit  in  L  (R).  ■ 

Remark:  Condition  (1.3)  is  not  enough  for  some  of  the  results  to  hold.  If  one  considers 
the  Carleman  equation 


(5.10) 


3  v 
3t 


3  v 
3x 


2 


u 


2 


v 


2 

u 


2 

+  v 


0, 

0, 


u(x,0)  »  u0(x> 
v(x, 0 )  ■  vQ(x> 


then  (1.3)  holds  and  Theorem  3'  holds  with  =  +«•  and  k^  •  1  but  (5.5)  is  not  true: 

if  it  was  then  u(x  +  t,t)  and  v(x  -  t,t)  would  have  strong  limits  in  L1(R)  as  t 

goes  to  +"  and,  because  /  (u(x,t)  +  v(x,t))dx  is  constant  these  limits  could  not  be 
zero  if  /  (uQ(x)  +  vQ(x))dx  >  0;  on  the  other  hand  Illner-Reed  have  shown  a  decay  in 

L  (R)  in  ^  with  C  depending  only  upon  /  (Uq(x)  +  Vp(x))dx  (we  give  an  alternate 

proof  of  this  result  in  Appendix  2).  • 

It  would  be  interesting  to  know  if  some  of  the  results  fail  for  a  good  model  in 
kinetic  theory:  i.e.  one  having  conservation  of  mass,  momentum  and  energy  and  satisfying 
the  entropy  condition  (Carleman' s  model  fails  to  conserve  the  momentum). 
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6. a:  We  will  suppose  that  the  f^  have  compact  support;  the  inequalities  obtained  will 

1  « 

then  easily  be  proved  by  approximation  if  f  e  L  (R)  n  L  (R)  for  each  i. 

As  proved  in  4.e  the  solution  satisfies  u^x.t)  >  0  a.e.  x  e  R,  t  e  [0,T[  for 

OD 

each  i  where  T  is  the  maximal  time  of  existence  in  L  . 

Let  S  <  T,  multiply  the  i-th  equation  in  (1.1)  by  X^,  sum  in  i  and  integrate 
in  x  e  R  and  t  c  [0,S];  we  obtain 


l  Xt  J  ui(x,S)dx  *  l  Vijk  I  I  ujU)c(x,t)dxdt  -  I  X4  /  ^ 

i  R  i  /  j  /  K  R  0  1  R 


(x)dx  . 


Using  u^  >  0  and  (5.1)  we  deduce 


(6.1)  l  1%1'Vk1  1  <  Mi  l  'V  1  +  M2  I  »U,V  1 

C  *C,  3  3  L  (Rk(0,S))  i  L  (R)  C.*c.  3  *  L  (Rk  [0  ,S]  ) 


,3u_,  3u 


€j(s)  “  IjTt  +  Cj  and  r®®ember  that,  by  Lemma  1 


L  <RX(0,S]) 


1jukl  i  <  'ic'~:T7  <ei<8)  +  "V  i  )(ek<8)  +  1 V  i  1 

3  L  (Rx[0,S])  |Cj  ck'  3  3  L  (R)  L  (R) 

for  C,  *  C,  . 

j  * 


We  then  deduce  from  (6.1) 

(6.2)  I  tu  u  I  <  M,  [  .  +  M.<I  «*,«  ,  +  l  e  (s))3 

j,k  3  *  L  <Rk[0,S]  )  i  L  (R)  i  L  (R)  i 


and  then  by  using  (1.1) 


I  e  <s>  <  M  l  If  I  +  M  (I  If  l  +  l  e  <s) )“ 

i  i  1  l\r)  i  L^R)  i  1 


When  s  goes  to  0  e  (s)  goes  to  0  and  then,  if  we  note  E  •  £  IV>  I  .  ,  (6.3) 

i  L  (R) 

implies  that  £  e  (s)  is  less  than  the  smallest  positive  root  of  x  •  M^E  +  Mj(E  +  X)2 
1  M4 

and  one  checks  easily  that  if  E  <  E'  -  - -  then  the  smallest  root  is  less  than 

0  «5(1  ♦  2M4r 

2m4e.  This  proves  Theorem  1'. 


f 


6>b:  As  in  4*d  we  have  to  bound  from  above  (we  have  0  as  lower  bound) 

VX  *  Cit)  -  [  ‘4ij)cUjuk(X  '  Ci8't  -  8)dS  * 

By  (5.2)  we  can  delete  the  terms  for  which  C.  "  C..  •  Cv  because  A,  >0  and 

i  3  *  i}k 

u  u  >  0;  then  there  remains  only  terms  which  can  be  handled  like  in  4.d  and  this  will 

J  K 

prove  Theorem  3 ' . 

6.c:  The  proof  of  Theorem  4'  is  exactly  similar  to  4.e. 

6.d;  The  proof  of  Theorem  5'  is  exactly  similar  to  4.f»  by  (5.9)  the  only  integrals  to 

bound  can  be  handled  like  in  4.f. 
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comments 


The  first  results  of  global  existence  (without  a  bounded  invariant  region)  was 
obtained  by  Mimura-Nishida  [1]s  using  supplementary  conservation  laws  they  proved  the 
analog  of  Theorem  3'  for  the  Broadwell  model.  It  was  then  recognized  by  Crandall-Tartar 

[2]  how  to  use  finite  propagation  speed  and  entropy  to  deduce  Theorem  4'  from  Theorem  3' . 
The  method  was  then  applied  to  different  classical  models  where  Mimura-Nishida' s  argument 
could  be  carried  on  Cabannes  [3],  Leguillon  [4]. 


references 

(1]  Mimura-Nishida:  Global  solutions  to  the  Broadwell1  s  model  of  Boltzman  equation  for  a 
simple  discrete  velocity  gas,  Proc.  Intern.  Symp.  on  Math.  Prob.  in  Theor.  Phys.  RIMS 
Kyoto,  January  1975. 

[2]  Tartar:  Existence  globale  poir  un  systeme  hyperbolique  semilineaire  de  la  theorie 
cinetique  des  gaz,  Seminaire  Goulaouic-Schwarz  1975/76,  no.  1 ,  MR  57  #6865. 

(3)  Cabannes:  Solution  globale  du  probleme  de  Cauchy  en  theorie  cinetique  discrete,  J. 
Mecanique  17,  1978,  no.  1,  1-22,  MR  57  #18456. 

[4)  Leguillon:  Solution  globale  d'un  probleme  avec  conditions  aux  limites  en  theorie 
cinetique  discrete,  Comptes.  Rendus.  Acad.Sci.  Paris  A-B  285,  1977,  no.  16,  1125-1128, 
MR  58  #19720. 
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Appendix  1 
00 

Semilinear  systems  and  continuity  for  the  h  weak-star  topology. 
Consider  the  following  system  in  N  dimensional  space 


(1) 


3u. 

jt  +  gradxui  *  vi +  fi(ui . y 


x  e  R 


tel 


|  ui(x,0)  =  ^(x),  x  e  RN,  i  =  1,...,p 

where  are  locally  Lipschitz  functions  on  R^  and  v^  are  vectors  in  R^.  If  the 

data  4.  e  L  (RN)  with  1^.11  <  M  for  each  i  then  there  exists  tn  >  0  and  a  unique 

ii“  u 

L 

solution  on  I  =  (-tQ,tg)  satisfying  lu^(«,t)I  —  <  2M  for  t  e  [-t^t,}]  and  each  i. 

k  00 

The  solution  u  depends  continuously  upon  *p  in  the  L  strong  topology. 

We  are  interested  here  in  the  following  question:  for  what  functions  F^, 

00 

i  =  1,...,p  does  the  solution  u  depend  continuously  upon  ^  in  the  L  weak-star 
topology  restricted  to  the  ball  maxl^  <  <  M?  (the  weak-star  topology  restricted  to  a 

i  1  l“ 

ball  is  metrizable).  The  answer  to  this  question  is  given  by  the  following: 

Theorem:  The  solution  depends  continuously  upon  in  the  L  weak-star  topology  (on 

bounded  sets)  if  and  only  if 


either 

a)  N  >  1 

and 

each 

F^  is 

an  affine  function 

or 

b)  N  =  1 

and 

each 

F^  has 

the  following  form 

(2) 

F. (u)  > 
1 

‘  l  /’ijkUjUk  +  l  Vi  +  C 

Jr*  J 

with 

(S)  Aiik  =0  if  Vj  =  vk  . 

Proof:  1 )  It  is  enough  to  prove  b)  for  N  «  1  • 

Indeed  if  N  >  1  taking  *p ^  of  the  form  i|i^(x*n)  for  some  unit  vector  we 

to  N  =  1  with  v^  replaced  by  v^  •  n.  Then  continuity  will  hold  if  has 

with  A,  =0  when  v  •  n  “  v  •  n;  as  for  each  couple  j,k  one  can  choose 
i]k  j  k 

that  this  is  true  one  sees  that  all  coefficients  are  0  and  80  each  F^ 

affine.  In  that  case  sufficiency  is  obvious. 


are  led 
form  (2) 
n  such 
is 
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so  that  as 


2)  Take  a  sequence  -  ^(jf)  where  each  * ±  is  periodic  with  period  Tt 

G  «  — 

€  goes  to  0  •fi i  converges  in  L  weak-star  to  *  -  average  of  i^.  Then  for 
lt|  <  tQ  we  have  uniformly  in  e  :  uE(x,t)  =  0(1)  so  F^u6)  =  0(1)  and,  integrating 
(1)  along  a  characteristic  we  obtain  (replacing  v^  by  like  in  (1.1)) 


(3) 


x  —  c  t 

u-(x,t)  .  *A( — —^3  +  odti) 


which  gives,  as  each  F^  ia  locally  Lipschitz 


x  -  C,  t 


(4) 


(ue  (x,t)  >  -  Fi(-#>1( - . <pl-'-f-))  +  0(|t|)  . 


If  th 2  weak-star  continuity  holds  u^(x,t)  will  converge  to  the  solution  starting  from 


data 


let  ui  ^e  this  solution*  If  a  subsequence  of  F  (u^)  converges  to  w^ 
3u  1 


then. 


by  the  equation,  ^  +  ^ra<^xu^  *  vi  +  Wi  =  ®  an^  as  8°l*u^^on  we  obtain 

0  0  0  - 

Wi  *  Fi(u  *  and  as  ui  “  *±  +  °C It!)  we  should  have 

(5)  If  Fi<uE)  converges  in  L°  weak-star  to  wj  then  w°  =  +  o|t()  . 

3)  We  will  obtain  the  form  for  F^  by  using  different  choices  of  V’j.  We  now  drop  the 
index  i  of  F^ 

Take  tfj, . . .  ,£p  to  be  constants,  then 


.  (x  '  ci« 

FL  *i - - - /  ^2'"'*'^p*  converges  to  average  of  P(?j(y) 

and  by  (5)  this  should  be  Ftaverage  *  1  ,?2, . . .  ) .  so  necessarily  F  is  affine  in 

and  similarly  in  p j  for  each  j.  So  F  is  a  combination  of  multilinear  functions. 

4)  If  Cj  =  Ck  there  are  no  products  u^u^  in  F.  Take  j  -  1,  k  =  2  and  ^3, ...,*> 

x  -  C^t  x  -  C2t  P 

to  be  constants,  then  f(>p^(  —  ),  y  2i - - - ),  )  converges  to  the  average 

of  F(^1(y),^2(y),v>3,...,v>p)  which  should  be  Ftaverage  •fy,  average  *  2'*  Z'  *  •  ‘  •*  p*  •  If 

there  was  in  F  a  term  ^^GWj,...,^)  we  would  obtain  a  contradiction  by  taking 

“^2  nonconstant  except  if  G(^3 , . . .  ,^p)  «  0. 
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5)  If  *  Cj  *  there  are  no  products  in  F*  Take  the  indices  to  be  1, 

2,  3.  It  will  be  enough  to  find  periodic  functions  of  period  T1,T2>T3>  of  average  0 
such  that  ^  ( - - - )^2( - - - )^3( - - - }  converges  weakly  to  a  nonzero  constant. 


Take  W.(y)  -  sin- — 'L  W,( y)  ”  cos  - — *  -»  *>,(y) 

C3  ‘  C1  c3  ‘  C2 


(C1  -  C2)y 

Bin  <TrvTvrv  then 


x  -  C.,t  x  -  C2t  (C1  -  C  )tx  -  C3t) 
C3-CrC3-C2“  (C3  "  C1)<C3  -  C1> 


,  the  product  is 


_  x  -  C.t  _  x  -  C_t  . 

*2( - 1-V2( - 2_)  .  1 

V  c  ~  2'  e  1  4 


*  -  C,t  x  -  C2t 

fiin2  e“c3"~)  Sin2  ~C3”"c2T  Wh°8e  Umit  iB  4* 


6)  By  3),  4),  and  5)  each  F^  must  have  form  (2). 

This  condition  is  sufficient  by  a  conpensated-compactness  argument: 

00 

If  v£(x,t),  w£(x,t)  converge  in  L  (w)  weak-star  to  Vq,  Wq  with 

(6)  *  3v  3v  3w  3w  *  2 

+  C  and  +  C*  t— ^  bounded  in  L  (ft ) ,  ft  C  R  then 

3t  3x  3t  3x 

00 

if  C  *  C'  vewE  converges  in  L  (ft )  weak-star  to  VqWq  . 

For  the  proof  and  the  motivation  in  constructing  the  test  functions  in  3),  4),  and  5)  Bee 
Tartar  [1]. 


Tartar  [1].  Compensated  compactness  and  applications  to  partial  differential  equations,  p. 
136-212  in  Nonlinear  analysis  and  mechanics:  Heriot  Watt  symposium  vol.  IV,  R.  J.  Kreps 


ed.  Research  notes  in  Mathematics  39,  Pitman . 


Appendix  2 

Decay  for  solution  of  Carleman's  equation. 

Theorem  ( Illner-Reed) .  Let  u,v  be  solutions  of  Carleman's  equation 


3u  3u 
3t  3x 


2  2 
u  -  v 


0, 


u(x,0) 


V*' 


(7) 


3v 

3t 


3  v 
3x 


2 

v 


0, 


v(x,0>  »  Vq ( xj  . 


Assume  0  <  u  ,  v  <  M  a.e.  and  /  (u0(x)  +  v0(xj)dx  =  m  <  +».  Then  there  exists  a 
0  0  R 

constant  Cm  depending  upon  m  such  that 

C 

(8)  0  <  u,  v  <  min(M,  r— )  for  t  e  10, “l  • 

Proof ;  It  is  a  classical  result  that  0  <  u,  v  <  M  for  t  e  10, “I  (without  assuming 
m  <  +*°) .  Let  m  be  given  and  define  G(t,M)  as  the  supremum  of  u(x,t)  and  v(x,t) 
when  Uq,Vq  satisfy  0  <  u^,  vQ  <  M  and  /  (Uq  +  Vgjdx  “  m.  Then  G(t,Mj  <  M  and 
G(t,M)  is  nonincreasing  in  t.  Trivially  G(s  +  t,Mj  <  G(s,G(t,Mj/  for  every  s,t  >  0. 

If  one  now  remarks  that  Xu(Xx,Xt)  ,Xv(Xx,Xtj  satisfy  Carleman's  equation  we  see  that 
G ( t,M)  -  XG(Xt,  ")  for  every  X  >  0,  so  G(t,M)  =  H(pM>  with  H  positively  homogeneous 
of  order  1. 


(8)  is  now  a  consequence  of 

Lemma  1;  If  t  >  T  >  ^  then  G(t,1)  <  k  with  k  <  1.  * 

Indeed  G(£,M)  =  MG(t,1)  <  kM.  Then  if  p  >  1  is  an  integer 


+  ...  +  i-),kM) 

*  1.P 


m(L{, 


so  by  induction  G(jj(l  +  j“  *  ***  +  “j).1')  *  M  is  p 

then  for  some  p>0^(l+j-+,,*  +  — )  <  t  <  jj  ( 1  +  £ 
G(t»  <  kP^M  <  ^  (1  +  k  ♦  •••  +  kP)  <  uT^kT'  If  t  * 
so  (8)  holds  with  C  =  —  and  C  only  depends  upon 
2  more  lemmas: 


>0  is  an  integer.  If  t  >  — 

M 


T  T  T 

1  then  G(t,  <  «  <  l  <  rTT-TT 

m.  To  prove  Lemma  1  we  will  need 
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» 


Lemma  2:  The  solution  of 


v  '  +  V2  -  1 
v(0:  “  X 


is  given  by  v(t/X)  —  F(t,X)  which  satisfies 

(9)  0  <  F(t,X>  <  1  +  e~2t(X  -  1>  for  X  >  0,  t  >  0  . 

proof:  The  exact  solution  is  F(t.X)  =  \  g*  j-~  which  is  concave  in  X,  F(t,1>  -  1 
and  ( t ,  1 1  =  e  .  ■ 


Lemma  3 :  If 


( 10  J 


u'  +  u2  <  1  +  e“2t(X(t>  -  1) 
0  <  u(  0 )  <  1 


with 

<30 

(11)  0  <  X ( t )  <1  and  /  X(t) dt  <  m  . 

0 

Then  u(t)  <  u(t)  where  u( t)  satisfies: 

u  '  +  u  =1  on  [  0 ,  ] 

(12)  •  -  1  '  e’2t  on  [m0  +  "[ 

u(0)  -  1  . 

proof:  u(t)  <  w(t)  where  w  satisfies 

w'  +  w2  =  1  +  e”2t(X(t)  -  1) 
w(0)  =  1  . 

Let  x  <  -H-  and  maximize  w(T)  under  the  constraints  0  <  X(t)  <  1  a.e.  on  10, T1  and 
/T  X ( t) dt  <  m.  The  set  of  constraints  defines  a  compact  set  in  L  (0,T)  for  the  weak- 
star  topology  and  the  map  X  +  w(T)  is  continuous,  so  an  optimal  solution  X  exists.  We 
now  identify  X  from  the  necessary  condition  of  optimality: 

Let  X  =  X  +  6X  satisfy  the  constraints:  then  to  X  +  eSX  corresponds 
w  +  e6w  +  0(E)  where  $w  is  given  by 
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so 


T  T  _  _ 

6w(T)  =  /  a(t)SX(t)dt  where  a(t)  »  e“2texp(-2  /  w(s)ds).  As  w(T)  is  maximum 
0  t  T 

6w  <  0  for  all  admissible  choices  of  1  and  this  says  that  /  a(t)X(t)dt  is  maximum 

0 

for  X.  This  characterizes  X  because  a  is  nonincreasing: 

T  _  _ 

a'(t)  “  e"2texp(-2  /  w( s) ds) [2w( t)  -  2]  <  0  as  0  <  w  <  1.  The  optimal  solution  is 
_  t  _ 

X  -  1  on  [0  f  aiq]  ,  0  on  [m0,T]  (with  modification  X  i  1  if  T  <  mQ) .  So  the  optimal 
value  is  u(T)  (note  that  u  ”  1  on  (0,mg]).  ■ 


Proof  of  Lemma  1 :  Let  0  <  Ug»  <  1«  So  0  <  u(  v  <  1  for  t  >  0.  As 
3  v  3  v  2 

- - t—  +  v  <1  one  uses  Lemma  2  to  get 

3t  3x 

v(x,t)  <  F(  vn  (x  ♦  t))  <  1  +  e“2t(v0(x  +  t)  -  1)  . 


Now  look  at  u  on  the  characteristic  x  -  Xg  +  t: 

dt+u2“f^+7£+u2“v2<  F2(vQ(x0  +  t>>  <  F  <  1  +  e"2t(v0(x0  +  t)  -  1) 


which  corresponds  to  X(t)  -  vQ(x  ♦  2t)  and  so  /  X(t)dt  -  -  /  Vglyjdy  <  ■£.  By  Lemma  2 

'  0 

we  conclude  that  u(Xg  +  t,t)  <  u<  t)  where  u  is  constructed  by  (12)  with  mQ  » 
Exchanging  the  roles  of  u  and  v  we  get  G(t, 1)  <  u(t)  and  clearly  u  <  1  for 
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